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The Contraceptive Revolution and the Second Demogr aphic Transition:
An Economic Model of Sex, Fertility, and Marriage*

Although several papers have documented the lataket effects of the Pill (and increased
contraceptive efficacy), none has provided a saur@o-foundation for these results. In this
paper we develop a two-stage model with endogenousehold decisions regarding sex,
fertility, marriage, and the consumption of otheogds. In the second-stage model, households
choose sex, children, and consumption of other gomdnaximize utility subject to a budget and
a fertility constraint. This leads to an indiredility function that depends on prices, income, and
contraceptive efficacy. In the first-stage problémyseholds choose their marital status based
on the expected utility of being married or unmegdrfrom the second-stage problem. The
marriage decision is based on the difference inetkgected utility of married and unmarried
states. Changes in behavior in response to margihahges in contraceptive efficacy are
separated into substitution effects, sex effects,child effects. We find that an increase in
contraceptive efficacy, such as availability of Bi#, generally leads to increased sexual
activity but has ambiguous effects on the chilgyenhousehold, where married households will
have fewer children and unmarried households valldimore. Such changes generally lead to a
greater increase in sexual activity among unmarhedseholds than among married ones. Also,
increases in contraceptive efficacy tend to dinhiriiee difference in utility between married and
unmarried households, leading to lower marriageesaaind higher divorce rates. These results
correspond to the recent historical trends whichreltterize the so-called “second
demographic transition”, including declining oveldtrtility rates, increasing non-marital
fertility, and the decline in marriage.
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Introduction

The first demographic transition, beginning arotimelearly 1800s, was characterized
especially by substantial declines in both mostaitd fertility. This transition generally
benefitted children through better health and plajsivelfare, greater familial stability, and
increased access to education. But the secondgtaptoc transition, beginning at or around

1960, has so far proved less beneficial to childasrargued by a growing numbers of

! The term “second demographic transition” was ogaflincoined by Lesthaeghe and Van de Kaa in a la@pter entitled
“Twee demografische transities?” (Two demograplangitions?).
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sociologists and demographérdhe key features of the second demographic tiansinclude
rising marital instability (through cohabitationdadivorce), enormous upward swings in non-
marital childbearing, and delays in marriage andtadachildbearing. Among these, the trend in
non-marital childbearing remains the most puzzimtght of the simultaneous advances in
reproductive technologies, especially the Pill kgl abortion, widely available to unmarried

women since the late 1960s.
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Figure 1. Percent of births to unmarried women, 1940-2006°

Figure 1 illustrates that from 1960 to 2006 thecpet of all births to unmarried women in
the United States increased 626%lthough the total percentage of unmarried biiththe
black community is twice that among white womere, élstual percent increases have been
largest among the non-black populations, indicatiag the growth in non-marital fertility has
not been driven by the minority population. Rathénatever is driving the upward trend in non-

marital births appears to affect the United Stateadly and with respect to every racial and

2 MclLanahan, 2004
3 Brady, Martin, & Ventura, 2007; also, Ventura & Bachrach, 2001
4 .
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ethnic subgroup. What can explain a shift in dielaking patterns on this order of magnitude?
And why should we care?

To address the second question, we should caeibed spite of improvements to various
social welfare programs, assistance to fragile li@asjiand other non-governmental charitable
assistance, children born to unmarried parentsnare likely to be born into poverty, less likely
to ever live with their two biological parents, amdre likely to engage in various risky
behaviors at an early age. They are also emotjoaatl educationally disadvantagedhis has
been a concern for policy makers since as earl3$8 with the initiation of Aid to Dependent
Children (ADC). The program was conceived to le#pdren suffering from an unemployed,
deceased or incapacitated parent, and to preveintplacement in orphanages, though
eventually it was expanded to include aid to cleitdborn to unmarried mothers. Since that
time, a multitude of governmental programs hawdtto bridge the gap for children born to
single mothers, including the welfare reforms 086.9 But the disadvantages for children born
to unmarried parents remain.

At the same time, there have been ongoing progtamesiuce teen pregnancy for several
decades at both state and local levels, most penmtiinthrough schools, but single childbearing
is not primarily a “teenage” phenomenon anymorenethough in 1970 half of non-marital
births were to women under the age of 20. Todady 8% of non-marital births are to
teenagers, and the biggest increases in non-miteity since 1970 have been in adult

populationg. Unfortunately, children born to older unmarriedmen do not fare better than

> Amato and Keith, 1991; McLanahan and Sandefur, 1994; Edin and Kefalas, 2005
6 Ventura, 2009



those born to unmarried teenage women and theesmmomic consequences are not
substantively different.

Policy has been largely ineffective at reversimg lbroad trend in non-marital births.
According to the US Census Bureau, approximatelynillfon children are living with mothers
only, nearly 25% of all childreh.Given the weighty cost for these children, arelahparent
unresponsiveness of the trend to various policysues, it seems critical to explore the reasons
for this particularly puzzling aspect of the secaetnographic transition.

The basic logical difficulty in understanding tteuse of the increase in non-marital births is
that it occurs contemporaneously with another trehath should have had the opposite result:
the diffusion of access to reliable birth contesipecially the Pill, for unmarried woménin the
literature there have been three prevailing waygodnciling these apparently conflicting
trends. The first has been to stipulate some cameaase of the two trends, such as a cultural
change, or economic factors such as women’s wagie structure of welfare payments.

Classic papers include Thornton, Axinn and Hill429 and also Lesthaeghe (1983), Lesthaeghe
and Surkyn (1988), and Lesthaeghe and Wilson (19880 important is Bumpass (1990).

The second has been to examine the changeshrcbimtrol access as a technology shock,
and consider how the shock might have had diffeaketfects on different populations,
generating in some instances the expected resue(fbirths) and in other instances the counter-

intuitive result (more births). These explanatitersd to involve differential technology

’ Geronimus and Korenman, 1992, 1993

8 2004, US Census Bureau, SIPP, Wave 2.

° While the FDA approved the first birth control pill (Enovid) in 1960, various state-level statutes banned the sale of
the Pill even to married women until 1965 the U.S. Supreme Court overturned a Connecticut law prohibiting the
sale of contraceptives. In 1972 the U.S. Supreme Court overturned a Massachusetts law prohibiting the sale of
contraceptives to unmarried women. It is generally maintained that a majority of U.S. women had access to the
Pill by the early 70s. See Goldin and Katz, 2002, and Bailey, 2009, for thorough treatment of the diffusion and
adoption of the Pill among unmarried and married women respectively.
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adoption, or differential use, yielding higher satd unwanted births (or accidental fertility)
among different populations. The perennial papé&kerlof, Yellen and Katz (1996) but
sociologists such as Paula England have produstidctibut complementary work looking at
differential unwanted fertility rates by educatibsgatus:’

The third approach has been to take account ohtiruqualitative data suggesting that
many non-marital births are not “unwanted” birtbst may be better understood as “re-timed”
births. In this view, the technology shock iniyadlters constraints making new allocations of
marriage and childbearing ideal given new constsaisociologists Kathryn Edin and Maria
Kefalas have explored this possibility qualitatiyedrguing that observed patterns of non-marital
childbearing for low-income women should not neaefsbe viewed as unwanted or ill-timed,
but rather optimally timed given various life camstits* She writes, “Since these mothers
generally believe that childbearing and rearingngpahildren necessitate a temporary
withdrawal from the labor market, many place theaichge at which to marry in the late 20s
(when their youngest child is school age) and deali age to bear children in the early 20s—the
age they say is the “normal” time for women to hekiidren. Delaying marriage until they can
concentrate more fully on labor market activity nmaizes their chances of having a marriage
where they can have equal bargaining powerWork by Geronimus (1997) and Geronimus and
Korenman (1992) also supports a re-timing hypotheSiuch a view re-orients the rising trend in
non-marital fertility from a perverse outcome whsresome groups benefit more than others

from a technological advancement, to a sociallypfamatic outcome (from the perspective of

%see for example Musick, England, Edgington, and Kangas, 2007
see especially Edin and Kefalas, 2005; also Edin 2000
' Edin, 2000



children) whereby non-marital fertility is explach@s a rational response to changing incentives.
Optimal policy will depend on which view is a bettharacterization of this puzzling trefitl.

In this paper, we explore whether the latter vietliat contraceptive technology allowed a
re-timing of births among low-income women—mightdastained within the familiar neo-
classical framework. In the canonical economiatireent of the family, Becker (1981) argues
that the contraceptive revolution cannot accountte rapid changes in marital and non-marital
fertility now recognized as part of the second dgraphic transition. We counter this by
introducing a fertility constraint that relates gakactivity and births into a model of household
decisions regarding marriage, sex, children, am$w@mption of other goods. Contraceptive
technology affects the model by weakening thelfgrtonstraint, so that households with more
effective contraception can have more sexual intese for a given number of children, or
fewer children for a given amount of sexual acyiviwe model advancements in contraceptive
technology, such as the Pill, or access to abqgréisrexogenous changes in the efficacy of

contraception.

M odel

The model is separable into two stages: the skstage model is a model for demand for
sex, children, and other goods, and the first-stagéel is a model of the choice to marry or not.
The decision to marry is determined by the diffeeem utilities between married and unmarried

households. The difference in utilities is ordihagenerated by the income effect, as married

B For example, if the former view is correct, and non-marital births are generally the result of non-adoption of
reproductive technology (or poor usage thereof), a good strategy for the reduction of non-marital births would be
to focus on the non-adopters (or poor users) through educational initiatives and incentives for use. On the other
hand, if the non-marital births are optimally timed from the perspective of low-income women, funding for
increased distribution of contraceptives and educational programs would be ill-spent. Instead, policy would be
better aimed at remedying the underlying constraints which make non-marital fertility the optimal choice for so
many.



households have more resources, or income, thaamiach households, which leads to higher
utility and higher demand for sex, children, ankdestgoods, all of which are assumed to be

normal.

Sex and Children

Lets, k, andx be demand for sex, children (kids), and other gposspectively, with
corresponding pricess, px, andp,.. Letm be incomef be the natural productivity of sex, and
be the efficacy of contraceptiore[0,1], with z = 0 being no contraception and 1 being
sterilization. An increase immeans an increase in the efficacy of contracep@amsider the
household’s problem

v(p,m, z) = maxg ,u(s, k, x)
s.t. psS+prk +pex <m
(1-2)Bs <k.

Households choose sex, children, and consumptiothef goods so as to maximize utility
subject to the budget constraint and a fertilitpstaaint relating sex to the number of children
they desire to have. Non-negativity constraintsex, children, and other goods are implicit.
The indirect utility function is a function of pes, income, and contraceptive efficacy, which is
exogenous to the model. We assume that a solutistsdor all choices af. With complete
sterilization,z = 1 and the problem reduces to the ordinary consunpeoisiem.

What is meant by contraceptive efficag®, This parameter includes not just the
technological efficacy, but also knowledge of hawse contraceptive technology, the

availability of such technology to households, #melwillingness to use 1f. The efficacy of

1 Knowledge and education are an important part of this parameter. We will argue that changes in contraceptive
efficacy changed fertility in the 1800s through these means primarily, and not (as it did later) though huge shocks
in technology or availability.



contraception increases as technology improveis be&somes more widely available, and as
households are more willing and able to use itofollary will be that the contraceptive efficacy
parameter also increases with the multiplicatiofaafily planning clinics and with the
proliferation of sex education classes when sucitt&tibn includes components to teach
students how to use contraception, informs thenravhes available, and encourages them to
use it'®

Let A andu be the Lagrange multipliers on the budget andeh#ity constraint, so the
Lagrangian is

L= u(sk,x)+ A(m —pss — prk — pex) + pu(k — (1 — 2)Bs).

In addition to the constraints, the first-order dibions for this problem are

us —Aps —pu(1—2)=0
Uy —Ap, =0
U —Apx + 1 = 0.
The cost of sex includes the direct cpsplus the indirect costs of having children, anddbst
of children is the direct cogf, minus the indirect benefits of sex. However, thred costs of
sex, ps, are likely to be trivially small, so decisionsoaib sex will tend to be dominated not by
the direct costs of sex but the indirect cost dlidcan. Notice that the fertility constraint

effectively increases the cost of sex abgueand decreases the cost of children bewT his

leads to the following ordering

Ug Uy Uy

Ds  DPx Pk

Whenz < 1 and the fertility constraint is binding, this orohg of marginal utilities per dollar

must hold for all feasible prices in order for axinaum to exist. In particular, this order must

15 . . . a1y . ..
There is a strong correlation between education and willingness to use contraception—this is robust across
countries.



hold in the state of nature, i.e. when no contrioaps used, oz = 0. If this ordering is a
property of utility functions in general, then tineplications of sterilization for the model are
readily apparent: sterilization removes the faytiionstraint, so utility maximizing households
will have as much sex as possible, spend the relaaof the budget on consumption of other
goods, and have no children. This is true of btghlgation and of any contraceptive practice
that is as efficacious as sterilization.

How does demand for sex change as contraceptmonies more efficacious? This change
can represent either the introduction of a newreaeptive technology, such as the Pill, or the
broad historical trend of increasing contracepévailability, education, and efficacy observed
especially over the past two centuries. The systeeguations for comparative statics analysis is

[ Uss U  Usy —Ps —(1-— Z),B-”aS*/aZ—l —up

| Ugs Uk Upx —Pk 1 |I ak*/az I 0
Uxs Uxk  Uxx —Dx 0 0x™/0z| = | 0 |

l —Ds —Pr —DPr O 0 0A*/0z l 0 J

-1-2 1 0 0 0 ou*/oz —fs

Let |H| be the determinant of the left-hand side matrixs H third-order bordered principal

minor, so the second-order sufficiency conditiangly that |H| < 0. The comparative statics for

the change in demand are

ds* 1 Uk Ukx  —DPk Usk Usxy —DPs
3, = m —ﬂﬁp% -(1- Z)ﬁzs* Uyxk  Uxx —Px|—Bs"|[Uxk Uxx ~Px ]
Pk ~Px O Pk ~Px O
Ukke  Ukx  —DPk Usk Usxy —DPs
= 7 —ﬂﬁp% — ﬂk* Uxg  Uxx _px| - ﬁS* Uxre  Uxx _px”
IH] Pk —Px 0 —Pr ~Px O
_ —upost A| a3 _|H| 23

=74 ap, TP THIGs, P Aok,
The determinantff| and|H| are for analytical matrices for related maximiaatproblems
defined in the appendix; both are negative. Thezdtaee terms in this derivative) &
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substitution effect,i) a sex effect, andii() a child effect. As the efficacy of contraception
increases, sex is cheaper, households can havesmofer a given number of children, and they
can have fewer children for a given amount of skeap sex, more sex, fewer kids. The first
two effects are positive and the third is ambiguous

The substitution effect is analogous to the ondirsaibstitution effect in consumer theory: an
increase irx relaxes the fertility constraint and decreasesrtigect costs of sex, leading to a
substitution towards sex away from other goods. ftWweother effects have to do with the fact
that the fertility constraint acts in two wayscén be thought of as an upper bound to the amount
of sex or as a lower bound to the number of childiidhe “more sex effect” is the effect of
increasing the upper bound to the amount of seklam “fewer children effect” is the effect of
reducing the lower bound to the number of childiidme “more sex effect” is unambiguously
positive; increasing the upper bound to sex unantuigly leads to more sex. The term in the
brackets is a second-order bordered principal ntmdine ordinary consumer problem and has a
positive determinant by the second-order sufficgecunditions. The third term, the “fewer kids
effect,” is ambiguous. Reducing the lower bounthenumber of children unambiguously leads
to fewer children in itself, but whether this leddsnore or less sex depends on how children
and sex are related in the utility function, i.dether they are complements, substitutes, or
unrelated. These effects are likely to be trivgal the first two effects will tend to dominate:
more effective contraception leads to more sexiuatcourse. In the plausible special case when
the marginal utility of sex is unrelated to childr@nd other goods and the cost of sex is zero

(usk = ugy = ps = 0), the third term is zero and the result is unambigs.
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Do marginal changes in contraceptive efficacy leead relatively greater impact on
demand for sex in unmarried households or marne$® The first-order conditions can be

rearranged to show

Substituting these into the first-order condition $ex,
us — Aps + (1 — 2)Bluy — Apx] = 0

From the earlier analysis;, — Ap; > 0 andu;, — Ap; < 0: sex is a net benefit and children are a
net cost. Households for whom children are a neéfiiedo not use contraception. From this
equation, the first-order effect of an increaseantraceptive efficacy is to reduce the net cost of
children. Changes in contraceptive efficacy wi@a greater effect on households for which
the net cost of children is higher, and a lesseicebn those for which the net cost of children is
lower. Generally, the net costs of children willlagher for unmarried households and lower for
married ones, so marginal improvements in conttameghould lead to a larger change in
demand for sex, among unmarried households thaili @among married ones. If consumption
of other goods exhibits diminishing marginal ugilifor example, then the marginal utility of
consumption of other goods, will be lower for married households becausehefrthigher
income. Married households would then have loweralicosts of sex and indirect costs of
children, so they will tend to have more sex anittoén than unmarried households.

We now turn to how demand for children is affedbgdan increase in the efficacy of
contraception. Like demand for sex, the changekemand for children in response to increasing
the efficacy of contraception can be separatedadrgobstitution effect, a sex effect, and a child

effect.

12



ok* 1 Ugs Uk —Dk Uss Usy —Ds
=—|-1=-2)uppx + (1 —2)6°s xS xx ~Px|+ S xS xx ~ Px
T I L R i L B g L
z —Ps —Dx 0 —DPs D« 0
Ugs Uk —Dk Uss Ugy —Ps
= m —(1- z),uﬁp,% + k™ |Uxs Uxx —Px|+Bs*|Uxs Uxx —Px ]
—Ps —Dx 0 —Ps —Dx 0
B akH+ y H| ok _|H| ok
=M aps TP HIs, TP Tk,

The first term is the substitution effect, the s&tes the sex effect, and the third is the child
effect. In this case, the substitution effect isipee, the sex effect is ambiguous, and the child
effect is negative. For the substitution effectr@asing contraceptive efficacy leads to more sex
and, by itself, this leads to more children, siser and children are jointly determined by the
fertility constraint. The sex effect is ambiguoasd it depends on how sex, children, and other
goods are related in the utility function. In tHaysible special case where sex is unrelated to
children and other goods and the cost of sex i3, z&.u,, = u,; = p; = 0, then the sex effect
is zero. The child effect is the effect of relaxihg lower bound for children, which by itself
leads to fewer children.

The fertility constraint can clarify the ambiguitythe change in demand for children in
response to an increase in contraceptive efficAsguming that the fertility constraint is binding
before and after any changes, optimal demand ftdreh is given by

k* = (1—2)Bs".
Taking the derivative with respect to the effica¢yontraception, z, shows

LSy
0z Bs Z'Baz'

The first term is negative, and the second terposstive; the result is theoretically ambiguous,

but depends on the amount of sex prior to the ahastg In particular,
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ok” ds*
<0 when s*>(1—2z)— and
0z 0z

* *

s
% > 0 when s <(1—Z)E.

The effect of a change in contraceptive efficagyahels on sexual activity of the household
prior to the change: fewer children will be borrhmuseholds that were more sexually active

before the change, and more children will be borhduseholds that were less sexually active
before the change. Clear%';—* > 0 for s* =0, i.e. increasing the efficacy of contraceptionl wil

lead to more children being born to householdswatld have otherwise been abstinent. This
analysis is valid when demand for sex depends atraxeptive efficacy and the fertility
constraint is binding, but it is otherwise indepemnidof the household’s utility maximization
problem, so the result is very general.

Generally, since demand for sex increases withmecand decreases with the cost of
children, married households would have had maxelsn unmarried households prior to the

change in the efficacy of contraception. The twsuhes, then, may be assumed to correspond to

the married and unmarried households: for marr@daholds, s* is relatively high anaé‘z—* <

0; for unmarried households, s* is relatively Iomda%kz—* > 0. So the model predicts that

technology shocks which increase the efficacy ofttazeption should lead to fewer children
born to married households and more children bmumimarried households. Where married
households are a much larger fraction of the pdjmathe net effect of these two changes
would be a decline in the overall fertility ratenhi$ is consistent with recent historical trends in

both fertility and out-of-wedlock births.
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Marriage

We now extend the model to include the decisiom&ory. Why do households, or couples,
choose to marry? The argument here is that houseinwhrry because of the income effect.
Income includes the value of time spent eithehalabor market or in the production of
household goods, and the demands of children atetbat the additional income or resources of
another parent are desired to assist a househe#htisfying those demands. Unmarried
households are more likely to have fewer childretoomot have children because they cannot
afford them, and married households will tend teehanore children because they can afford
them?®

Households face the same pricass»,, andp,—and the same contraceptive efficazy,
Let m, be the income of unmarried households mndhe income of married households,
m, > m;. Since the indirect utility function is increasiimgincome, the utility of married
households will be higher than that of single hbiatgs, and, in the deterministic model, all
households would marry. Let ands, be random variables that describe the unpredietabl
nature of unmarried and married life, respectivahd lete =, —&;. The values of the random
variables are known prior to the marriage decisfssume that Ef) = E2) = 0, so E£) = Ee2
—¢g;) = 0. Let w be an indicator variable of maritadtss where w = 1 indicates marriage, so
households marry according to

max,, (1 —w)[v(p,my, z) + €11 + wlv(p, my, z) + &;]
Households marry when
v(p,my,z) + & <v(p,m,,z) + ¢,

or

16 . . . .
There are some critical exceptions to this, discussed below.
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v(p,my,z) —v(p,m,,z) <e
Households will not marry when

v(p,my,z) —v(p,my,z) > ¢
Let y(z) be the difference in utility between single andmea households for a given level of
contraceptive efficacy(z) = v(p, my,z) — v(p, m,, z), and letF (s) be the cumulative
distribution function o&, whereF'(s) > 0. Because married households have higher income,
they have higher utility on averagg,z) < 0 and —y(z) is the average utility premium that
married households receive over unmarried onesfrélogon of unmarried households is the
integral ofe from negative infinity to the point whese= y(z) and the integral from that point
to positive infinity is the fraction of married heeholds, i.epr(unmarried¥ pr(w = 0) =
F(y(z)) andpr(w = 1) = 1 — pr(w = 0). This static model can be thought of as a snapshot
society over a particular time period: the firgguality describes households that marry or
remain married; the second households that renmaimatried or divorce.

The decision to marry or not depends on the diffee between the utility of married and

unmarried households. An increase in the efficdaoatraception will lead to fewer married
households and more unmarried households—singlezorced—when

dv(p,m4,z) dv(p,m,,z d
[dvem,z) dvme ) LAy

F dz dz dz

F'(s) > 0, so increasing the efficacy of contraception legadgewer married households and
more unmarried households when the marginal utlitthe efficacy of contraception is greater
for unmarried households than it is for marrieddeholds.

Assume that there exists a poitwsm, z,) and(p, m, z,), z, > z; such thav(p,m,z,) =
v(p,my, z) andv(p, m, z,) = v(p, m,, z). These points lie on the two different indifferenc
curves that describe unmarried and married houdehbut these households now differ not

16



income but in contraceptive efficacy. Now an inseea the efficacy of contraception will lead
to fewer married households and more unmarrieddtmids—single or divorced—when

I} dv(p, m, Zl) dU(p, m, ZZ)

F dz dz

> 0.

This inequality shows that there will be relativééyver married households and more unmarried
households if there is diminishing marginal utilioycontraceptive efficacy,’’ (z) < 0. This
equality will always be satisfied when a househsldsk-averse, though this assumption is less
restrictive than the assumption that householdsiskeaverse.

Figure 2 shows the effect of increasing contracemfficacy on marriage rates. The points
y(z,) andy(z,) show the differences in unmarried and married ébokl utility levels for
different levels of contraceptive efficacy, > z;. As contraception becomes more effective, the
utility premium of marriage is reduced, so therkegs reason to get and stay married and more

reason to remain or become unmarried.

F'(s)

Married Households

//

Unmarried Households dy/0z
—>

y(z1)  y(z2) 0 5

Figure 2. Effect of contraceptive efficacy on marriage rates.
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For a risk averse household, #&t) = u(w(z)), wherew(z) is a linear function of
measure the value afin terms of wealth and(w) is the household utility function. Then
v"(2) = u"(w(2) W' (D] +u' (w(@)w"(2)
Sincew(z) is a linear functionw’’ (z) = 0 and the second equation reduces’t¢z) =

u”(w(z))[w’(z)]z. When households are risk averse, i.e. underraithrestant or relative risk-

aversion,u”(w(z)) < 0, which impliesv"' (z) < 0. The following results: if households are risk
averse, then an increase in contraceptive effitzanys to a decrease in marital stability, in the
sense that the married couples are more likelgpamsate in any given period of time. This
would correspond with various marriage trends:rlates of first marriages, lower marriage
rates, and higher divorce rates, i.e. what socistsgefer to as the retreat from marriage.

The decision to marry is the decision to pool meg so cohabiting households (if they share
income) are classified here as married. Of codosmally married couples are distinguished
from cohabiting couples by a public promise oflbfey fidelity, but in other respects households
of cohabiting couples are indistinguishable fromstthat are formally married. Empirically,
cohabiting households are less stable than formadgried households. If cohabitation can be
thought of as a less stable form of marriage, therprediction that increasing contraceptive
efficacy leads to increased marital instability me#hat it will lead to fewer formally married

households and more cohabiting ones.

A Comparison of the Income and Contraceptive Effects
Letu(s, k,x) = u,(s) + u, (k) + uz(x) be the utility function for the consumer, so thisre
no interaction in preferences between sex, childrad other goods. The contraceptive effect on

children dominates the income effect if and onlthé following condition holds:
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ok* ok*
Az +

A 0
0z om m<

Let the cost of sex be zero. For the separabligyutiinction, this condition becomes

—B B
mpgussSAZ < _mﬁ(l - Z)zpkuxxAm

Multiplying by —% |H| gives
pJ%ussSAZ < .3(1 - Z)ZpkuxxAm

When the fertility constraint is binding, — z) = g which can be substituted to show

k
piugsAz < S (1 — 2)pruyAm

and

s2p2ug Az < k(1 — 2)pruyAm
By assumption, s > k, so this expression will kkieé satisfied for low levels of children and
high levels of sex and contraceptive efficacy. Assg thatu,., is negative, the effects of

contraception will dominate the income effects when

[(@)2& Az pkdm
m’ u,l(l—2z) m m

This equation says that the contraceptive effelttdeminate the income effect when the square
of the budget share of sex times the proportiogdliction in contraceptive inefficacy is greater
than the budget share of children times the propmat increase in income. The bracketed term
on the left is the square of the budget sharexgfwgkere the price of sex computed indirectly

with the price of other goods and the ratio ofgeeond derivatives in sex and other goods. A
demonstration that this is a measure of the intghicce of sex is provided in the appendix. This
bracketed term is not the actual cost of sex, hlitevof sex in terms of other goods; sex does not
have a direct cost in the model, so its actual budbare is zero. This term can exceed one, since
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it is not bound by the budget. The second left-h&idd term is reduction in contraceptive
inefficacy. While this cannot exceed one, it carvery large in percentage terms, e.g. an
5%

. . . . . A
increase in contraceptive efficacy from 90 to 95\%Ilesl—zz = Ton
- 0

= 50%. The first right-

hand side term is the budget share of children tlisds always less than one, and the second
right-hand side term is the percentage increaggome, which is generally less than one for
short time horizons but can exceed one over lotiger periods, such as generations or

centuries.

Discussion
We begin by summarizing the predictions of the et@hd discuss them in light of historical
data on the second demographic transition. Weledaavith a discussion of some clear

weaknesses of the model, and various extensiorshvelould improve its value.

Predictions

The three predictions of the model are that irgirepcontraceptive efficacy leads to
increased demand for sex among all householdssased demand for children among married
households and increased demand among unmarrisgamcka decrease in the proportion of
households that are married. Translating thesdqgii@as from the static context of the model to
historical data implies an increase in overall sdxactivity, a decrease in the fertility rate, an
increase in non-marital births, delayed age of fitarriage, fewer formally married households
and increased marital instability—all of the tremdsch have been identified as part of the

second demographic transition.
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First, the model predicts that an increase inreaeptive efficacy will lead to an increase in
sexual activity. An indirect measure of the leviesexual activity is the incidence of sexually
transmitted infections (STIs). Incidence repoftgourable viral STIs show strong upward
trends consistent with a significant increase alével of sexual activity in the United States.
According to the CDC, there were 28.5 reported casgenital warts per 100,000 women in
1966 and 78.0 reported cases in 2000. Reported cddherpes also increased from 9.7 (per
100,000 women) in 1966 to 63.4 in 2000. Data ola@kdia, human papilloma virus (HPV),
and HIV also show dramatic upward trends, thougtHf®Vv and HIV data from 1960 is not
applicable. Direct measures of sexual activity\su data) also revealed upward trends in

reported sexual activity, especially among the gpand unmarried’
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Figure 3. Total fertility rates for the US by decade, 1800-2000."

Second, the model predicts a decrease in the lbfextdity rate. Figure 3 shows that the

total fertility rate (TFR) has fallen by a thirdpf about three to two children per woman, since

Y The sharpest increases were documented in the first decade after the Pill was made available. Data from the
mid-late 1980s showed a leveling off and even some modest declines in reported sexual intercourse. See Hofferth,
Kahn and Baldwin (1987) for a treatment of non-marital sexual activity in the post-Pill era, and also Goldin and Katz
(2000).

8 Source: Haines, 2008.
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the 1960s. There is a vigorous debate about wheteénormal’ pre-Pill TFR would have been
more like the wartime lows precipitated by thetfaad second world wars, or more like the
post-war boom, or something different altogeth@fithout taking a position on the wartime
patterns, we argue that the contraceptive revalgimuld be credited with the post-1960s
downward slope in fertility. Bailey (2009) prov&leareful empirical support for this hypothesis
utilizing state-level variation in access to thé.Pi

Third, the model predicts an increase in non-rabbirths. As discussed in the introduction,
the percent of live births to unmarried motherseased from 10.7% in 1970 to 33.2% in 2000
and then to 36.9% in 2005. The non-marital birdnteds increased not just for the nation as a
whole, but for every racial category of women. Amavhite women, the percent of children
born to unmarried women increased from 5.5% in 1®781.7% in 2005, a six-fold increase; for
black women, the percent nearly doubled from 37t&%0.3%; and for Hispanic women, the
rate more than doubled, from 23.6% in 1980 to 48%005™° These trends are consistent with
the predictions of the model, since all women hiaag access to increasingly effective
contraception for the time period.

Finally, this model predicts later marriage ratesjer marriage rates, increased marital
instability (more divorce and more cohabitatiofihese predictions are also consistent with the
historical trends since 1950. Bramlett and MogB602) state that

“In the United States during second half of therttaeth century, the proportion of people’s

lives spent in marriage declined due to postpon¢miemarriage to later ages and higher

rates of divorce. The increase in non-marital cdhradphas also contributed to the decline in

the proportion of peoples’ lives spent in marridgereasing rates of cohabitation have
largely offset decreasing rates of marriagfe.”

' National Center for Health Statistics, 2008, Table 10, p. 172.
% Bramlett and Mosher 2002, p. 4.
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This observation by Bramlett and Mosher not onlgfces that the predictions of the model are
consistent with historical trends, but they aldoae those trends in the second half of the

twentieth century, which is consistent with our btfyesis that these trends may be seen as the
outcome of utility-maximizing households in the ggace of a relaxed fertility constraint due to

the advent of the Pill in 1960.

Conclusion

The model developed here presents a descriptibowfmarginal changes in contraceptive
efficacy might affect household decisions regaraimagriage, sex, and children in a neo-classical
framework. Increased contraceptive efficacy insesademand for sex across both married and
unmarried households. This yields more childreoegrunmarried households and fewer
children among married ones, generating both amase in non-marital births and a plausible
decrease in the overall fertility rate. Finallysignificant increase in contraceptive efficacy
reduces the utility differential between marriedl ammarried couples, perhaps explaining the
so-called retreat from marriage, which is evideniter ages of first marriage, lower marriage
rates, higher divorce rates, and increased ratestabitation. Each of these predictions of the
model is consistent with the historical trendshef second demographic transition. In spite of its
shortcomings (discussed below), the model presdressiseems to provide a plausible basis for
explaining puzzling demographic trends, especialhse which have costly impact on the lives
and well-being of children.

There are several limitations to the current maelal provide opportunity for further
research. In the model, households have childreause of the income effect. If the income

effect was the only reason that households hadrem) then (1) wealthier single households
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should still have more children than poor singleseholds, and (2) a wealthy single household
will have as much demand for children as a poorieihousehold for some combination of
income levels. Neither one of these implicationghefmodel seems to correspond to the facts,
suggesting that, while the model captures sometimpgrtant, it is still missing something. One
potential solution is to consider the interactidm@arriage with children, which could perhaps be
modeled by incorporating marital status into thétyfunction of the household directly.

Additionally, considering evidence from Edin andflas regarding the obstacles that poor
women face in finding suitable marriage partndrsjight be interesting to introduce differential
“access” to marriage by income level. This coudddone by correlating the expected variance
of marital income shocks with the individual incoreeels. For example, high earning
individuals expect a fairly stable (low-variancednal income, while low-earning individuals
might expect a more variable marital income. Wsild have the effect of correlating non-
marriage with poverty, and non-marital births t@pbouseholds.

Another limitation of the model is the treatmehtontraceptive efficacy as an exogenous
variable. Making this variable endogenous wouldbemportant extension of this research.
Were contraceptive efficacy endogenous in the atirrersion of the model, a household would
always choose the maximum available because doingirimizes the indirect costs of the
fertility constraint to household utility and itrcée done without cost. However, many forms of
contraception, while relatively inexpensive, haighhindirect costs, such as diminishing the
enjoyment of sex itself (e.g. condoms) or otherasidble side effects (e.g. IUDs). There may
be trade-offs between contraceptive efficacy, tlaegmal utility of sex, and other side effects
which determine which form of contraception houdétalecide to use. This trade-off could be

captured by incorporating contraceptive efficady ithe household utility function and the
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budget constraint. It also suggests the existefiaa efficient “contraceptive frontier,” where
forms of contraception away from the frontier beeaonibsolete over time, e.g. intrauterine

devices (IUDs).
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Appendix.
The Substitution Effect
Consider the problem

e(p,v,z) = MiNg i xPsS + Pk + pxx
s.t. v<u(s,k,x)
(1—-2)Bs <k.
Let (s, k", x", 0", uf) be the solution to this problem. These demandtioing are analogs of
the Hicksian demands for the ordinary expendituir@nmzation problem. The Lagrangian for
this problem is

L= pss+prk +pex+ H(v —u(s,k, x)) + u(k — (1 — z)Bs).

The system of comparative statics for this probiem

—Ou,,  —Oug —Ouy, —-u;, —(1—2)p [85 /aps] _
—Ouys —Ouy, —Ou, —u 1 akH/apS
—0Ou, —Ouy, —Ou,, —u, 0 axH/aps [ j
—Us —Up Uy 0 0 aeH /aps
—(1 - Z),B 1 0 0 0 aHH/ap

Let H' be the left-hand side matrix. The second-ordéiicseificy conditions imply thaltd’| > 0,
sinceH’ is a third-order bordered principal minor to thimimization problem.
The changing the price of sex leads to a chamgeinand for sex of

ostt —ux
ops  THT

An increase in the price of sex leads to a decrigaide Hicksian demand for it.
The changing the price of sex leads to a changenmand for children of

k" —(1—-2)puf

= : < 0.
0ps |H'|

An increase in the price of sex leads to an ine@&ashe Hicksian demand for children.
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The pure substitution effect can also be recovéed the original problem. Consider the

system
[ Uss Usk Usy —Ds _(1 - Z).B][aS*/aps] [ A 'I [l'l 0
| Ugs Uk  Upx Dk 1 ||6k*/8ps| |o| o] [0]
Uys Uy  Uxx  —DPx 0 0x™/0ps| = lol=lol+] o0
l —Ds —Pk —Px O 0 02"/ ps [—SJ [OJ —s
—(1-2)p 1 0 0 0 au*/ops 0 0 0

The two vectors on the right-hand side corresportti¢ substitution and income effects.
An increase in the price of sex leads to a chamgemand for sex of

as"  Ap3
dps  |H|

<0.

An increase in the price of sex leads to a decrigaide Hicksian demand for it.
An increase in price of sex leads to a changemahd for children of

okH 1- 2
_Q-2put
ops M

An increase in the price of sex leads to an ine@aslemand for children.

The Child Effect
The pure child effect can be illustrated by coasity the problem

max y ,u(s, k, x)
S.t.psS +prk +pyx <m
k, <k.
Households choose sex, children, and goods to nizintility subject to a budget constraint
and a lower bound to the number of children. Thenegativity constraints are implicit and
assumed to be nonbinding, and a solution is asstonfed all choices ok;, includingk; = 0.

The Lagrangian for this problem is

L= u(sk,x)+A(m —pss — prk — pex) + y(k — k).
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Let (§ k%A, }7) be the solution to the maximization problem. Tistam of equations for

comparative statics analysis is

93 /dk,

Ugg Usk Usy —Ds 0 ~ 0
Ups  Ukk  Upx —Px 1|[0k/0k [0]
Uys Uxk Uxx —Px 0 af/akl = {0‘
—ps —pPr —Px O Offarsak,| |0
o 1 o o ollayokl 1

Let H be the left-hand side matrix. The second-ordeicseiicy conditions imply thaltl:l'| <0,

sincef is a third-order bordered principal minor to thaximization problem.

The effect of an increase in the lower bound enddmand for children is

al’é -1 Uss Usy —Ds
— == |Uxs Uxx ~DPx|>0.
Ok; |H| —DPs P« 0

The matrix is a second-order bordered principalamiso the second-order sufficiency
conditions imply that its determinant is positiiecreasing the lower bound for the number of
children, by itself, unambiguously leads to an @ase in the demand for children. Conversely,
decreasing the lower bound, one of the consequearidesreased contraceptive efficacy,
reduces demand for children.

The effect of an increase in the lower bound enddmand for sex is

0§ 1 Zsk st _gs
— = =7 | Yxk XX ~Px]|.
akl |H| —DPk TPx 0

This effect is ambiguous, and depends on how anldind sex are related in the utility function.

Inspection shows that this matrix is identicallie bne foraaiz*.

The Sex Effect

The pure sex effect can be illustrated by considehe problem
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max y ,u(s, k, x)
S.t.psS + Pk +pex <m
S < Sp.
Households choose sex, children, and goods to niziatility subject to a budget constraint
and an upper bound to the amount of sex. The natinég constraints are implicit and assumed
to be nonbinding, and a solution is assumed talfahoices of,, includings;, = «. The
Lagrangian for this problem is
L= u(sk,x)+A(m —pss — prk — pyex) + 5(sp, — 5).
Let (§,k, %, 4, 8) be the solution to the maximization problem. T&tam of equations for

comparative statics analysis is

Uss Usk Usx —Ps — 1 _a‘i/ash ] 0
Ugs Uk Uke —Pk O |[9K/Osn [ 0 ]
Uys Uxk Uxx —DPx 0 af/ash = { 0 ‘
—ps P ~Px 0 0 ([0d/dsy| |0
-1 0 0 0o o0lgssl 1

Let H be the left-hand side matriK. is a third-order bordered principal minor to the
maximization problem, so the second-order sufficyeconditions imply thakﬁ| <0.

The effect of an increase in the lower bound enddmand for children is

98 1 Ugk Ugx —DPk
a— =—|Uxk Uxx —DPx|>0.
Sh |H| —Pr  TPx 0

The matrix is a second-order bordered principalamiso the second-order sufficiency
conditions imply that its determinant is positiiecreasing the upper bound for sex, by itself,
leads to an increase in demand for sex. This isgbdhe effect of more effective contraception
on demand for sex.

The effect of an increase in the lower bound enddmand for children is
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Uks  Ukx Pk
Uys Uyx —DPx
—DPs —Dx 0

ok 1

o5 [

This effect depends on how children and sex asga@lin the utility function and is theoretically

ambiguous. Inspection shows that this matrix isfidal to the one fo%.

Separable Utility
Letu(s, k,x) = s* + kP + x¢ be the utility function for the consumer. Theresponding

system of equations for determining income effexts

Uss 0 0 —ps —B(1—2) ds™/om r 0 '|
[ 0 Uk 0 —py 1 ][6k*/aml | 0 |

0 0 Uy Dy 0 dx*/om|=1] 0
l b —Pe —Px O 0 haA*/amJ 1]
—-L(1-2) 1 0 0 0 a6*/0m 0

Then the income effect is found by

0 0 0 -p —Bl-2)

Js* 110 urk 0 —px 1

=—10 0 u -p 0
am H XX X

HH 1 —pe —pe 0 0

0 1 0 0 0

Simplifying using Cramer’s rule gives

65*_ 1
om |H|

[B(1 = 2)p + Ds ]ty

Similarly, the income effect on kids is found by

Uss 0 0 —Ps _:8(1 - Z)
1| 00 0 w1
=T Uxxy —Px
om Ml 5 1 0 0
—B(l—2z) 0 0 0 0

Cramer’s rule gives
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ak* _ 1
om m [B(1 = 2)px + ps]B(1 — 2)uyy

The corresponding system of equations for detangithe effects of contraceptive efficacy,

z, is as follows:

Ugg 0 0 —-ps —BA—2)1M0s"/0z 0
0 Uk 0 —DPxk 1 [ak*/azl 0
0 0 Uy Dy 0 dx*/oz|=| 0O
—Ds —pPr —DPx O 0 dA*/oz 0
—B(1 —2) 1 0 0 0 d6*/0z —ps
So the effect of contraceptive efficacy on sex |
0 0 0 -p;, —B(1-2)
o 1|0 M 0 he
=T Uxx —Px
R 0
—Bs 1 0 0 0
Cramer’s rule gives
ds* 1

oz _ [H| [B(1 = 2)pZurs + [pspr — B — 2)piluiex] Bs

The effect of contraceptive efficacy on kids wid b

Uss 0 0 —Ds _.8(1 - Z)
okt 1 8 8 0 =P (1)
=T Uxxy —Dx
oz Ml 0 —p 0 0
—B(1—-2z) —Bs 0 0 0

Cramer’s rule gives

ok -1
dz  |H|

[pguss - [psz + :8(1 - Z)pspk]uxx]lgs

Implicit Prices

Assume that utility is linearly separable and ¢cdasthe equation

34



Y,
Px
This equation is implied by the first-order conaiits to the ordinary consumer’s problem. It

must be satisfied for all goods and for all incdmeels, so

Uy (x(m))

Px

= A(m)

Taking derivatives of both sides with respect tahows

1 ox 04

pe X 9m ~ om
But, from the budget constraint,

m = pxX +pyy + pzZ

SO

om _

ax - px
and

0x B 1

om Dx
Therefore

Uy 04

pZ ~ om

This is true for all goods, so

Une _Uyy Usz _ 04
pi py p; Om
From this the square of one price can be computéerins of the square of another as

2 — Uxx 2
Px = » Py-
Yy
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Notes
Effects of Contraceptive Improvements on Marriage

Contraception affects the model through the fgrtdonstraint
(1 -2)Bs(z) = k(2).
For a new contraceptive level = tz,
(1 —tz)Bs(tz) = k(tz).
Adding and subtracting in the parentheses shows
(1 —-tz+z—-2)Bs(tz) = k(tz).
This can be rearranged to show
(1 —2)Bs(tz) — k(tz) = z(t — 1)Bs(tz).
Lets(tz) = s(z) + ds andk(tz) = k(z) + dk.
(1 —-2)Bds = z(t — 1)Bs(tz) + dk.
This equation shows that the change in sex prapwtito the change in children plus a positive
term. There are only three possibilities: demarndeases for sex and decreases for children,
demand increases for both, or demand decreasbstturlt is not possible that demand for sex
can decrease and children increase. Furthermaseaniplausible that demand for both sex and
children would decrease, since the substitutioecefivould ordinarily lead to an increase in
demand for sex.
For somex andc, lets(tz) = t%s(z) andk(tz) = t?k(z). This equation becomes
(1 —2)Bt%(2) — tPk(2) = z(t — 1)Bs(t2).
Substituting in the original equation shows
(t* — ") (1 = 2)Bs(2) + t°[(1 — 2)Bs(2) — k(2)] = z(t — 1)Bs(t2).
The bracketed term is zero, so this equation besome
(t* —t?) (1 — 2)Bs(2) = z(t — 1)Bs(tz).
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Fort > 1, the right hand side is positive, sb> t? anda > b; for 0 < t < 1, the right hand
side is negative, s < t? anda > b. Assuming thas(tz) is a continuous function afin a

small neighborhood around, the derivative of both sides oftz) = t*s(z) with respect ta
shows%z = at? 1s(z). Dividing both sides of this expression f§z) and evaluating it where

t = 1 showsa is the elasticity of sex with respect to contraisepefficacy,e; ,. Similarly, b is
the elasticity of children with respect to contnatoee efficacy,e, ,. The result is then that, with
respect to changes in contraceptive efficacy, dehi@ansex is more elastic than demand for
children,e; , > & ;.

The budget constraint can be used to evaluatel#isticity of demand for other goods with

respect to contraceptive efficacy. Taking derivegiof the budget with respect to z shows

65+ 8k+ ax_o
pSaZ pkaz anZ_

Let g, 0, ando, be the budget shares of sex, children, and othailgy This equation can be
rearranged to show
OsEs7 + OxEpy + 0xEx, =0

When the price of sex is negligibke, = 0, and this equation can be rearranged to show

&g = ——¢&
X,Z O_x Z

The elasticity of other goods with respect to caceptive efficacy is proportional to the

elasticity of children and the ratio of their butighares, and they have opposite sign. There were
two realistic possibilities: demand for childremadacrease or decrease, but demand for sex is
expected to increase in either case. In the fooase, households have more sex and more
children, and consumption of other goods decreaseise latter, households have more sex and

fewer children, and consumption of other goodsdases. We argue that the first describes the
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effect of contraceptive improvements on unmarrieddeholds, and the second its effect on

married households.

CES Utility
Letu(s,k,x) = s* + kP + x¢ be the utility function for the consumer.

The income effect for kids is

ak*
om |H|

[ﬁ(l — 2)p + ps]B(1 = 2)b(1 = b)x7* >0

The income effect for sex is

85*
om |H|

[ﬁ(l 2)px + pslb(1 = b)x"~% >0

The effect of increasing contraceptive efficacykads is

ok* 1
0z |H|

[pia(l —a)s*™2 = [ps + B(1 — Dpspi] (c(1 — )x°7?]Bs

The effect of increasing contraceptive efficacyser is

as*
0z | |

[ﬁ(l — 2)pzb(1 = b)kP~2 + [pspr — B(1 — 2)pilc(1 — c)x 2] Bs

Income Effects
In the ordinary consumer problem without the figytconstraint, the system of equations for
comparative statics analysis is
Ugs Usk Usx —Ds aS*/am 0
Ugs  Ugk  Ukx —DPr||0k*/0m 0
Uxs Uxk Uxx —DPx ax*/am O
—Ps —Prk —Px 0 |lor*/om

Let H be the left-hand side matrix, where the sdeomrder sufficiency conditions imply |H| < 0.
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*
ds _ 1 [_p Ukre Ugx p Uske  Usx —p Uske  Usx]]
om |H|L "5 luUxk  Uxx KUk Uxx *lugk  Ugx
*
ok _ —1 [_p Ugs Ugx p Uss  Usy —p Uss  Usx|]
om |H| Sluys  Uxx Fluys U lUgs  Ugx
*
ox _ 1 [_p Ugs Ukk p Uss  Usk —p Uss  Usk|]
om |H|L 7% 1uxs  Uxk K luys Uk lUks Uk

The assumptions that each of these three goodwarel implies, respectively, that

p Ugk Uk > p Usk Ugy —p Usk Usy
s Uy  Uxy k Uy  Uxyx x Ugk Uk
p Uss Ugy > p Ugs Uy + p Uss Usy
k Uys  Uxyx s Uys  Uxy x Ugs Ugyx
p Uss Usk > p Uss Usk —p Ugs Uk
x Ugs Ugg k Uys  Uxg s Uys Uxg ’

The sum of the income elasticities weighted by leidhare must equal one. Lef wg, and w
budget shares and g em, and g, the income elasticities of sex, children, and oguods, so
Wsesm + Wiekm + Weeym = 1.

Rearranging this equation shows

1 Wses,m _ erx,m

ek =
T wy Wy Wi

Because other goods are assumed to be normaigkiténand side term is positive, so a simple

upper bound for the income elasticity of children i

< 1
€k S — .
,m Wk
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Primal-Dual Analysis
The primal-dual problem is
0 = max, u(s, k,x) — v(p,m,z)
S.t. psS +prk +pex <m

(1—-2)Bs <k.

The Lagrangian for this problem is
L= u(sk,x)—v(p,mz)+A(m — pss — prk — pex) + u(k — (1 — z)Bs).

The first-order condition is

—v, + ufs = 0.

From the Envelope Theorem,

v,(2) = u(2)Bs(2).

Duality
Let the optimal choice of sex for the three pradebes*(p, m, z), 5(p, m, k;), and
S(p,m,sy). Then
s*(p,m,z) = §(p, m, (1 —2)Bs*(p,m, z))
s*(p,m,z) = §(p,m,s*(p,m,z))

Taking derivatives shows

ds* 8§[ P 65*]_ 35 ok’
oz ~ okl P 28571 = o, oz
ds* _ 83 0s’
0z ~ 0dsy 0z
The second identity implies that
ds
—=1
Sh



Let the optimal choice of children for the threeldems bec*(p, m, z), k(p,m, k;), and
k(p,m,sy). Then
k*(p,m,z) = k(p,m k*(p,m, 2))
k*(p,m,z) = l?(p,m,s*(p,m,z)).

Taking derivatives shows

ok* ok ok
0z = 0k, 0z

ok* _ 9k ds*
0z ~ 0sp 0z

The first identity implies

o))
&
1
[S=Y

)
=

The General Problem

Consider the problem

v(p,m, z) = maxg ,u(s, k, x)
s.t. psS+prk +pIx <m

(1-2)Bs <k.
Herex is a vector of goods. Solutions to this problemehthe forms*(p, m, z), k*(p, m, z), and

x*(p,m,z).

Now consider the constrained problem

v(p,m, z) = maxg ,u(s, k, x)
s.t. psS+prk +pIx <m
s < sy
k; <k
Solutions to this problem have the fosf(p, m, sy, k;), k¢ (p, m, sy, k;), andx€(p, m, sy, k;).
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